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Abstract. We study the Cauchy problem for a quasilinear wave equation with 
low-regularity data. A space-time estimate for the variable coefficient wave 
equation plays a central role for this purpose. Assuming radial symmetry, 
we establish the almost global existence of a strong solution for every small 
initial data in X . We also show that the initial value problem is locally 
well-posed. 
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1. Introduction 
In this paper, we consider the quasilinear wave equation 

(1.1) dt(j)- A(j) + h{(t))A(t) = F{d(j)) in(0,T)xM3 
for a real- valued function (j) — (j){t, x), obeying the initial conditions 

(1.2) 0(0,-) = /, 9*0(0, 0-ff. 
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We assume that the function h is smooth and h{0) = 0. We also assume that F is 
smooth and quadratic with respect to 90 = {d(j)/dt,S/(j)),wheie\7(j) = {dcf)/ dx^ ,d<j)/ dx^ ,d(j)/ dx^). 
Assuming radial symmetry, we aim at showing the almost global existence of a low 
regularity solution to the initial value problem (1.1), (1-2). 

When the equation (1.1) is semilinear, namely /i = 0, Ponce-Sideris [14] proved 
that the initial value problem (1.1), (1-2) is locally well-posed in x H'^^^ if s > 2. 
Smith- Tataru [17] further proved that the local well-poscdncss in i/^ x holds 
for the quasilinear case with s > 2. These results arc sharp in general, because the 
examples given by Lindblad [9], [10] show that we cannot always expect the wcU- 
posedness for quadratically nonlinear wave equations in x H^. However, as far 
as radially symmetric solutions are concerned, there is still room for investigation. 
Indeed, we know by Klainerman-Machedon [6] that the Cauchy problem (1.1), (1.2) 
is locally well-posed in H^^^ x i?4d' equation (1.1) is semilinear (here 

denotes the set of all functions in H™ with radial symmetry). Furthermore, the 
X iJ^-radial solutions to the semilinear Cauchy problem exist almost globally 
for small initial data (Hidano-Yokoyama [3]). In view of these results, it is naturally 
expected to extend the study of the x _ff ^-radial solutions to the quasilinear case. 
We will show that the quasilinear Cauchy problem (1.1), (1.2) is locally well-posed 
in H^^^ X H^^^, and the radial solutions exist almost globally for small data. 

Before stating the main result, let us introduce some function spaces. For 
brevity's sake, we set St = (0, T) x M.^ in what follows. Firstly, we set 

ni 

X„,{T) = fl C^aO,T];<7'(IR')) for m = 1,2. 
j=o 

For each € Xm (T) we let 

ll'/'llx„(T) = I|0||l==([O,T];L2(k3)) + \\4>\\Err,{T)^ 

where 

ll^lUilT) = I1V0|1loo([o^t];L2(R3)) -I- |19t(^||i=c([o^T];L2(K3)), 
ll<^ll£;2(T) = H\\ei(T) + \\'^(I)\\ei(T) + \\dt(f'\\Ei{T)- 

Secondly, wc define 

r™(r) = {0; e lIASt), \mY,^(T) < 00} 



for m = 1, 2, where 



2 

lyi(T) 



Lastly, we set 

Z„(T) = {0; G Ll^iSr), ||0||z,„(t) < 00} 

for m = 1,2, where 

= (log(2 + r))-'(||r-^/4(r)-i/40||i.(S^) 
It is obvious that YmiT) C Zm{T). Moreover, we can easily see that C^([0,T] x 

M3)nx™(r)cr™(T) (m-1,2). 
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Now let US state our main result. Since we are concerned only with radially 
symmetric solutions, we naturally suppose that F{d(j)) takes the form 

F{d^) = a{dt(f>f +b\V^f 

for some constants a, b. After reading the proofs of our results, however, the readers 
will be convinced that we can more generally consider the case where the coefficients 
a and b depend on the unknown function cf). 

Theorem 1.1. Suppose that {f,g) G H^^^{R^) x H^^^(M.^) . Then there exist positive 
constants Ai, Eq with the following property: if{f,g) and T satisfy 

!|V/||hi(e3) + i|.g||Hi(R3) = e < eo and T < cxp(yli£~^), 

then the initial value problem (1.1), (1.2) has a solution <f> e X2{T) n Y2{T). Also, 
there exists a constant Mi such that 

\\4'\\e2{T) + \\4>\\y2{T) + \\4'\\Z2{T) < MiS. 

Here the constants Ai, £o and Mi depend on a, b, and h. 

We notice that, since H'^{E.^) C L°°(R3) and H\R^) C L*{R^), the solution </> 
satisfies the equation (1.1) as an equality in C([0, T]; L^(R^)). 

We next consider the problem of well-posedness. It is shown in Section 6.2 that 
the solution map $ : (/, 5) i— >■ is well-defined on the set 

D{eo) = {{f,g) ; {f,g) e hI^{R') x H^,^{R'), ||V/||hi + WgU^ < eo}, 

where cj) is a solution of (1.1), (1.2) with T = = exp(Ai/e), e = ||V/||/ji + ||.g||ffi. 
D{eo) is a topological space with the relative topology in x L^. Our result of 
well-posedncss is as follows: 

Theorem 1.2. The solution map $ : D{eo) — !• Xi(Tjo) r]Yi{T^g) is well-defined 
and Lipschitz continuous. 

As mentioned above, Hidano-Yokoyama [3] proved the almost global existence of 
radial solutions for small initial data in H'^ x , when ft, = in (1.1). The key to 
this result is an effective use of the space-time estimate 

(1.3) (log(2 + T))-'/'( ||r-3/2+A'(r)-^VIlL^((o,T)xK3) 

+ \\r-^r^+^^{r)-^^^<i>\\L2^^(o,T)>cVfl)) 

< c[\\Vf\\L2 + \\g\\L- + \\D<j){t,-)\\L2dty 

where r =\x\, (r) = {l + r^Y^^ and < fi < 1/2 (see also the Appendix of [2]). This 
type of inequalities is originally used in Keel-Smith-Sogge [4], and is very useful, 
because the right-hand side of (1.3) is the same as that of the energy inequality. 
Combining this with the energy inequality, we can prove the almost global existence 
for the semilinear case. In order to adapt this approach in such a way that we can 
apply it to the present problem, we need to prove a space-time estimate for the 
perturbed wave equation with a variable coefficient differential operator (Theorem 
2.1). This generalization was made by Metcalfe- Sogge [13]. They employed the 
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method of Rodnianski [18]; a space-time estimate is derived from an energy- 
momentum tensor, which produces several useful quantities by contracting it with 
suitable vector fields. The vector field they used takes the form 



d 



a=l 



p + r dx°- ' 



Since their 3. estimate was for the study of the initial-boundary value problem in 
a domain exterior to obstacles, we need to supplement their estimate with an 
estimate near the spatial origin. Following Metcalfe's suggestions [12], we use 



r dx"' 



a=l 

for < K < 1 and obtain a space-time estimate on (0,T) x {r < 1}. Combining 
this with the estimate of Metcalfe-Sogge [13], we can obtain an estimate on 
(0, T) X M", which plays a central role in our study. 

As is usual with the quasilinear problems, we are faced with difficulties caused 
by the loss of derivatives, when solving the initial value problem (1.1), (1.2) by 
successive approximations. Because the loss of derivatives prevents us from showing 
the convergence of the second derivatives, it is far from trivial to prove that the 
solution thereby obtained has the regularity stated in Theorem 1.1. In order to prove 
the continuity in time of the second derivatives, we use the method of difference 
quotient. We find in the proof that the space-time estimate is useful again. 

We remark that the global existence fails in general, by results of John [5] and 
Sideris [16]. However, if wc assume F{d(j)) = 0, we can expect the global existence 
of the Cauchy problem (1.1), (1.2). Lindblad [8] proved the global existence of 
classical solutions for small and smooth initial data, assuming radial symmetry. 
When the radial symmetry is not imposed, it is known by Alinhac [1] that the 
global existence remains true for small and smooth data. Furthermore, Lindblad [11] 
considered more general quasilinear wave equations and proved the global existence 
result. Note that all these results require considerably higher regularity and rapider 
decay at infinity for the initial data. A significant improvement of this regularity 
assumption was made by Zhou-Lei [19], in which they proved the global existence 
for radially symmetric, compactly supported x _ff ^-data. Compared with that 
of [19], our analysis in this paper is not strong enough to prove the global existence, 
but our result in Theorem 1.1 does not require this support assumption. 

This paper is organized as follows. In Section 2, wc prove a space-time 
estimate for a classical solution of the perturbed wave equation. Almost global 
existence for the initial value problem (1.1), (1-2) is established from Section 3 
through Section 5. In Section 3, we define a sequence of successive approximation 
to (1.1), (1.2) and prove its convergence to a weak solution on some time interval. 
It turns out to be a strong solution in Section 4, and we further see that the solution 
actually exists almost globally in Section 5. In Section 6, we discuss the problem of 
the continuity property of the solution map. For this purpose, we need to confirm 
that the space-time estimate is applicable to our low-regularity solutions. After 
that, we show that the solution map is well-defined, and prove Theorem 1.2. 

Throughout this paper, we use the summation convention that repeated upper 
and lower indices are summed. We use the Greek letters a, 13, ... when the in- 
dices are from to n, and the Latin letters a, &, ... when they run from 1 to 
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n. We also use the geometric convention of raising and lowering indices with re- 
spect to the Minkowski metric {ga/3) = diag(— 1, 1, . . . , 1). As usual, = t and 
X = (x^, x^, . . . , x") are the time and the space variables respectively. We remark 
-a° ^ do = d/ dx", d" = da = d/dx" for a = 1, 2, . . . , n. We set r = \x\ and 
(r) = (x) = \/l + \x\^- We let I • I denote the usual Euclidean norm, namely 
\x\ = + . . . + (x-")2]i/2, \d<f>\ = [(9*0)2 + (di4>)^ + ■■■ + (5„</))2]V2 etc. 

2. Space-time estimate 
In this section, wc consider the variable coefficient linear wave equation 

(2.1) d^(t)-A(l) + h°'^^{t,x)dadfi(l) = F{t,x) in(0,r)xR", 
with initial data 

(2.2) (l){0,-) = f e H\«."), 9(0(0,-) =.g e L2(M") in M". 

Using the geometric multiplier method of Rodnianski in the Appendix of [18], we 
are going to prove a local-in-timc space-time estimate for a solution of (2.1), 

(2.2) when n > 3. 

Let h"!^ e C^i[0, T] X M") (a, /3 = 0, 1, . . . , n), and suppose that they are uni- 
formly bounded together with their first derivatives. In addition, we require that 
they satisfy the following conditions: 

" 1 

(2.3) Yl < 2 fo"- (*'^) e P'^] ^ 

Q,/3=0 

(2.4) h^^it^x) = h^°'(t,x) for (t, x) G [0, T] x R", 

a,/3 = 0,1, 2,. ..,n. 

Theorem 2.1. Let n > 3. Let cj) G C^([0,T] x M") be a solution of the initial 
value problem (2.1), (2.2) satisfying the conditions (2.3), (2.4). Suppose also that 
<?!)€ C°([0,T];i?i(]R"))nCi([0,T];i2(]Rn)) and 

Then, for < /i < 1/2, we have 

(2.5) +(log(2 + T))-' (||r-3/2+^(r)-^0||i.((o^^),«„) 

< Ci(||V/||i.(„„) + ||.g||i.(„„)) 

I , \h\m^ \h\\<t>d<t>\ \ 

~^ ^l-2fj,(^^'^2n ' j,l-2ti lj,\^2ti ' j,2-2p,(^j.'^2fj, J 

i/ere Ci is a positive constant depending only on n and fi. 

We begin by considering a weighted L^ estimate of the solution of (2.1), (2.2) 
over the domain (0,T) x {x; x £ R", |a;| < 1}. 
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Lemma 2.2. Let n > 3. Let (j) be the classical solution of (2.1), (2.2) stated in 
Theorem 2.1. Then, for < ^ < 1/2, we have 

(2.6) n /(W + |V^|-^^X,^,, 

< C(||V/||i.(R,.) + ||g||i.(R„)) 

, \dh\\q^d^\ , , \h\\q,dq^\ 



dxdt. 



Here C is a positive constant depending only on n and fi. 

Proof. Following [13], wc define the energy-momentuni tensor 

(2.7) = da(j)dp(j)- l-gafjd'^(l}dy(l} 

-ga^h'^^ds4>dp(t> + -gaph'^^ d^(t)ds<t) 

for a, /3 = 0, 1, ... , n, where {gap) = diag(— 1, 1, . . . , 1). For a functfon /(r) suitably 
chosen later, we set 

(2.8) X" = 0, = ^^^^^ for a l,2,...,n. 

r 

Contracting the energy-momentum tensor Q[<j)\ with the vector field X, we define 

(2.9) P„[(/),X] = g„^[0]X^ fora = 0,l,...,n. 
We also set 

TTa/S = ]^{daXp + dpXa) for «, /3 = 0, 1 , . . . , 71. 

Then we have 

= /'(r)(a,0)2 + M| y^|2 _ ItrTra-'^a^c/.- /(r)(a,</.)F 
r 2 

-fir)d^h^^ds^dr^ + l-f{r)drh'>^d^^ds^ - 

2 r 
J.Z J, 2 



where 



fir) 

tr7r = /'(r) + (n-l)--'^ ' 



r 

(see [13], p. 199). Here denotes the angular portion of the spatial gradient V0. 
Furthermore, we introduce the modified momentum density 

n - 1 / fir) 

(2.10) Pc[0,X] = P„[0,X] + ^f^ 



ALMOST GLOBAL EXISTENCE FOR QUASI-LINEAR WAVE EQUATIONS 

for a = 0, 1, . . . , n. Then we obtain 

d'^p^[<t>,x] = nr){dr4>f + ^1 y^p - \nr)d-^<t>d,4> 

(2.11) -Ii^A(M)^. + ^, 
where 

(2.12) R = -f{r){dr^)F-'^l^l^^<t>F 

-f(r)id^h^')ds<f>(dr^+'^^ 
\ 2 r 



2 r 



2 r 



(see [13], pp. 199-200). The identity (2.11) further leads to 
(2.13) d^P^[<t>,X] = i/'(r)(|V</>p + 



Now we set 

for < K < 1. We first show that 
(2.15) M-fi^r)>{l-n)-/ 



(1 + rY 
and 

(2-16) A j < 

In fact, (2.15) is an immediate resuh of 

r ^ ' (l + r)« V ! + ?■ 

In order to compute A(/(r)/r), we note that 



5,. r"-^ /'(r) 
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Using this identity, we have 



fir) 



(1 + r)« \l + r 



(1 + r)« 

P-2 + K 



(l + rY 



1 + r 



- 1 



(1 + r)«+2 



which gives (2.16), because 
'fir) 



A 



< 



< 



-3 + K. 



-2 + K 



(l + r)" (l + r)''+i 
k(1 — k) 



1 + r 



- 1 



p3 — K 



(1 + r) 



2+K ■ 



If we integrate (2.13) over [0,r] x R" and apply the divergence theorem, we get 



-/'(r)(|V0p + |9,0n + 



fir) 



f'ir)]\y<P? 



(2.17) 



n — 1 



fir) 



Po[(t),X](T,x)dx 



dxdt 



Po[(j),X]{Q,x)dx- 



Rdxdt. 



To obtain (2.17), we should note that there exists a sequence {Rk] so that Rk ^ oo 
and 



(2.18) 



lim 

fc— ^oo 



Pa[(t),X]{t,x) ■ —dSdt = 0. 
J\x\=Rk r 



Indeed, the existence of such a sequence can be easily deduced from Pa[4>, X]-x'^ /r e 
L^([0,r] X R"). To see this integrability, we recah (2.7)-(2.10) and obtain 



Pa[^,X] 



Pa[4>,X] 



n - 1 fir) 



n-l 



dr 



m 

r 
1 



^2 _ n-lxgfjr) 



fir){dr<p)^ - ^/(r)a^0a^0- 

n-l 



This gives the estimate 



< c 



because |/(r)| < 1, \drifir)/r) \ < Cr'^ by (2.14). Hence we conclude Pa[(t),X] 
x^/r e Li([0,r] X R") by Hardy's inequality. 
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Going back to (2.17) and using (2.15), (2.16), we have 



(2.19) < C(|1Po[0,^](T,-)I1li(b..) + I1Po[0,^](O,-)I1li(E'^)) 



dxdt 



Jo Jr" 

So it remains to bound the right-hand side of (2.19). By (2.7)-(2.10), we get 

2 r 2 r 

= /(r)9t0a,0-f/(r)/i°* 9^09,0 
n — 1 /(r) , „ , n — 1 /(r) 



2 r 2 r 



Since |/(r)| < 1 and < 1/2, we have 

(2.20) ||Po[0,^](r,-)||Li(M") 



< C(^||90(T,.)li.(K. 

< c||a0(r,.)lli.(„„). 



Similarly, 

(2.21) |lPo[0,X](O,-)IUi(M-.) < C|190(O,-)lli.(K.). 
In addition, the standard energy inequality yields 

(2.22) ||90(T,-)|ji.(R.) < q|90(O,-)irL.(R.) 

+C [ [ i\dt(j)F\ + \dh\\d(l)\'^)dxdt. 



Lastly, we see from (2.12) and (2.14) that 

(2.23) \R\ < c(\dm + -J^I^ + \dhm\' 

\dh\\<l>d<j>\ \h\\d<j>\^ \h\\(l)d(l)\ 



Combining (2.19)-(2.23), we conclude that 



1 , I ^ T dxdt 

/O J{xeR"; \x\<l} \ 

< q|a0(o,.)|li.(«„) 

_^jdh\\^d^ ^ |feP0|2 ^ |fe||090| , ^^^^^ 

This gives (2.6), if we set k = 2^ (0 < ^ < 1/2). 
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Lemma 2.3. Let n > 3. Let cj) be the classical solution of (2.1), (2.2) stated in 
Theorem 2.1. Then, for T > 1 and < fj. < 1/2, we have 



Jo i{.€«M<«TA r'-"' 



JO J{xm"\l<r<T}^ ' ' 



< c^(llv/iii.(K„) + ii5lli2(M.)) 
+c r [ (\dm + \^ + \dh\m^ 

Jo JR" V in 

(r) + (r) + (r)2 J 
Here C is a positive constant depending only on n and /i. 



dxdt. 



Proof. Though this estimate is essentially proven in [13], we show the proof 
for the sake of completeness. Just as in the proof of the last lemma, we use the 
geometric multiplier method. Instead of (2.14), we choose 

(2.25) /(.) ^ ^ 

(see [13], p.l97). If p = 2^" and 2''^^ < r < 2'' (fc = 1, 2, . . .), we can easily see that 
(2.27) ^-/'(r) = ^ 



and 
(2.28) 



(p + r)2 - 3(p + r)' 

fir)\ ^ {n~3)r+in~l)p 
r{p + r)3 
(n — l)p n — 1 



r{p + r)'^ {p + r)-^ 
Combining (2.17) and (2.26)-(2.28), we get 

(2-29) n r^^-t+'^^'%--^) d.dt 

Jo J2^-^<r<2^ V 2fc + r (2^^+03; 

< 4(||Po[0,X](r,-)|jLi(R") + |!/l[</',^](O,-)IUi(K")) 

\R\dxdt forfc = l,2, 



/o 

We note that the Li(M")-norm of Po[0, X]{T, x) and that of Po[0, ^](0, x) have 
a bound similar to (2.20) and (2.21), respectively, with the constant C independent 
of k. Concerning R, we see from (2.12) that 

< cf|90||F| + M + |a/,p^|2 

V 1 + r 

, \dh\\cpd^\ ^ \h\\d4>? ^ \h\\<t>d<i>\ \ 

l + r l + r (l + r)2y 
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for a positive constant C which is independent of k. Therefore, it follows from (2.29) 
that 



J2''-^<r<2'' 



r 



< c||a0(o,-)lli2(K.) 

+c r [ (\dcb\\F\ + ^-^ + \dhm 

Jo Jr" \ V / 



+ 1- + — 1- — + , ,2 dxdt. 

Now lot be the smallest integer not smaller than logj T. li < fi < 1/2, we 
have 



Jl<r<T 

+ (log(2 + T))-f/ (\^ + ^)d.dt 

Jo Jl<r<T 



— ^ /, , , I ^1-2^ ^ ^3-2^ 

J2''-i<r<2'' \' r 



k=l' 



dxdt 



f.^l-'O J2''-i<r<2* 



< Csup / / ^— + dxdt. 

fc>l Jo J2'=-i<r<2'=\ f 1" J 

By (2.30) and (2.31), we obtain (2.24). □ 

Proof of Theorem 2.1. In view of Lemma 2.2 and Lemma 2.3, it remains to prove 
the weighted estimate of the solution over (0,T) x {x; x € K", \x\ > T}. If 
< /i < 1/2, wc have 

dxdt 



\ t,^ y^^^\^^l-2M(r)2M j.3-2t,(^^'^2ti I 



T p / X2 
2 



< %l I ( \d4>\' + % ) dxdt 



T 



Jr>T 



< C sup [ (\d(j)\^ + ^) dx. 



Using Hardy's inequality and the standard energy inequality, we see that the last 
quantity is bounded by the right-hand side of (2.5). □ 
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3. Local Existence 

3.1. Preliminaries. This section is concerned witli the initial value problem for 
the quasilinear wave equation (1.1). We ask for a solution of (1.1) with initial values 
(1.2). For this purpose, we define a sequence of functions as follows. 

Firstly, we choose a suitable radially symmetric function p G C^(M^) and set 

(3.1) pA^)^fp{]x) for j = 1,2,3,... 
so that 

Pj e C^(M^), supppj C jx ; x e M^ |a;| < ^ 
Pj{x) dx — 1, Pj{x) > for J = 1, 2, 3, . . . 

Secondly, we set 

(3.2) fk{x) = P2k * f{x), gk{x) = p2k * g{x) 
for fc = 0, 1, 2, ... As is well known, 

fk, gfcGC°°(R3) for fc = 0,1,2,..., 

II//C - ^ 0, llfffc - ffllifi asfc^oo. 
Note that if / and g are radially symmetric, then fk and gk are also radially sym- 
metric. We also have 

oo 

(3.3) ^{W^fk - V/fc_i||i2(R,3) + \\gk - gfc-i||L2(R3)) < oo. 

Indeed, we can easily check this by using 

\\p2k *(p^(p\\l2 < C2-'=||(p||^i. 
Finally, we let 0_i = and define (fc = 0, 1, 2, . . .) recursively by solving 

(3.4) d^cj,k - A(bk + h{(bk-i)Acj)k = F(50fc_i) in St, 

(3.5) MO,-)^fk, dtM0r)=9k in 

In order to ensure that the sequence {(f>k} is well-defined, we will have to assume that 
£ = ll^/lli/i + llfflli/i is small enough and T < exp(^i£~^) for some positive constant 
Ai (see Lemma 3.3). Applying a standard existence, uniqueness and regularity 
theorem to (3.4)-(3.5), we will see that, for all fc = 0, 1, 2, . . ., is certainly defined, 
radially symmetric for all time and satisfies 

(3.6) 0fe GC°°(^)nX2(r)(cr2(T)). 

In order to estimate the sequence, we will frequently use the Sobolev-type in- 
equalities below. 

Lemma 3.1. Assume that G n2^oCJ([0, T]; H^-3{M.^)). Then we have 

(3.7) m,x)\<c's\mE,(T) 

for (t,x) G St- If in addition (l){t, •) is radially symmetric, we also have 

(3.8) |0(t,x)| <Csr-i/2||v,/)(i,.)|U.(i,3), 

(3.9) |a0(i,z)| <Csr-i/2(^)-i/2||^||^^(^^ 

for {t,x) G [0,T] X (R'^ \ {0}). Here Cg is a positive constant. 
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Proof. The inequaliy (3.7) is a result of the Sobolev enibeddings 14^-'^'^(K'^) C 
L°°(E3) and H\R^) C L*^(R3). To obtain (3.8) and (3.9), we use the Sobolev-type 
inequahties 

(3.10) r^/^\v{x)\ <CY, \\^^"v\\mm), 

\a\<l 

(3.11) r\v{x)\ <CY, WvWmw.^) + CY, I1V1]%|U2(R3). 

|ct|<2 |a|<l 

See Lemma 4.2 of [7] and Lemma 3.3 of [15]. Here Vl = (r2i2, ^23, f^3i), ^ab = 
Xadb — Xbda {a,b = 1,2,3). Note that flv = if w is radiahy symmetric. Hence, 
(3.8) immediately follows from (3.10). If we use (3.10) for r < 1, and (3.11) for 
r > 1, we get 



h(x)| <Cr-i/2(^)-i/2||„|i^,(^3 



for a radially symmetric function v. Applying this inequality to dt(j), dr<t> and noting 
||5.(/)(t,-)||ffi < C||V<^(t,-)||i/i, we have (3.9). □ 

If we let n = 3 and /i = 1/4 in Theorem 2.1, (2.5) gives 

U\\y,(T) + U\\z,(T) 

< C(||V/||i.(R3) + ||,9||i.(R3)) 

+c{\\h\\L^^Sr) + \\r'^'{ry^'dh\\L^is^)) 
Thus we immediately sec the following lemma. 

Lemma 3.2. Let cj) e C^(S't) H Xi{T) be a solution of the wave equation 

(3.12) d^(j)-A(l} + h{t,x)A(j) = F in St, 

with initial data {f,g) & H^{M.'^) x L^(R'^). Here h e C^{St) is uniformly bounded 
together with their first derivatives, and it also satisfies 

(3.13) miL^iSr) < 

(3.14) \\r'/^ry^-'dh\\L^^Sr^ < oo. 
(i) Suppose r^/'^F <E L'^{St) and < t < T . Then we have 

(3.15) \mtr)\\Uur) + \mniT) + MhT) 

< C'2(||V/|!i.(R3) + |!5lii2(R3)) 

+ \\ry'{r)^/'dhh^^Sr^). 
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(ii) Suppose r^/^{r)^/^F e L^{St) and < t < T . Then we have 

(3.16) Wd^it, Olli^dj^) + ||0||^-,(T) + Ml.iT) 

< C'2(||V/|||2(K3) + ||.g||i2(R3)) 

+C2(log(2 + r))'/'||0b,(T)||ri/^r)i/4F|U.(s,) 

+C2iog(2 + r)||</.!l|^(^) 

+ \\r'/^{ry^'dhh^^s.)). 

Here C2 is a positive constant. 

3.2. Boundedness of {cjik} in X2{T) 1^2 (r). 

Lemma 3.3. Let {f, g) e H^^^{M.^) x H^^j^{R^) and set e = \\\/ fWn^ + \\g\\H^ . Then 
there exist positive constants £\, A\ so that we can define the sequence {(/>fc} (see 
(3.4), (3.5)) if e < £1 and T < cxp(^i/£). In addition, there exists a constant Mi 
such that 

\\M\e2{t) + \\<Pk\\Y2{T) + \\(f>k\\z2{T) < Mi£ for fc = 0, 1,2, . . . 
Here Ai, ei, and Mi depend on a, b and h. 

By Lemma 3.1, there exists a positive number cq such that 

(3.17) \mE2iT)<co =^ \h{cb{t,x))\<^ 

for {t,x) e 5*7-. If ||0fe_i ll^j^cr) < Co, then we can apply a standard existence 
theorem for (3.4), (3.5) to define 0^. We wih see in the proof of Lemma 3.3 that 
l!'/'fc||E2{T) < Co, provided £ < ei and T < exp(^i/£). This ensures the well- 
defincdness of the sequence {(l)k}- 

Lemma 3.4. Let (f>,(i> e C°°{St) n X2{T). Assume that they satisfy 

(3.18) d^(t)- A(j) + h{4>)A(j) = F{d4)) in St 
and \\4i\\e2{T) Cq. Then we have 

(3.19) ||'/'IU.(T) + ll</'lly.(T) + ll'/'IU.(T) 

< Cs{\\dm-)\\m(M^) + \\dm-)rmiM^)) 

+C3\mE2(T){\mZ2{T) + \\4>\\z2iT)) l0g(2 + T). 

Here, C3 is a positive constant depending on F , h, Cs and C2. 

Proof of Lemma 3.4. Differentiating (3.18) with respect to Xa {a. = 0, 1, 2, 3), we 
see that 

(3.20) d^{do.(t)) - A{do.(t)) + h{4))A{da.(t>) = daF{d4>) ~ do,h{4>)A<j>. 
Since (j) is radiahy symmetric by the definition of X2{T), Lemma 3.1 gives 

\F{d4>)\ < Cr~^/-'{r)-'/-'ME2iT)m, 

\d^F{d^)\ < Cr~'/'{ry'/'\\4>\\E2iT)\d'4>\, 
\dh{$)\ < Cr-V2(^)-i/2||^|| 

Thus we get 

<CME2iT){mZ2iT) + mZ2m)H{2 + T)f\ 
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where ^ stands for LP(St)- Similarly, we have 

Thanks to (3.17), we also see that (3.13) is satisfied for h{(j>). 
Applying (3.16) to (3.18) and (3.20), we obtain 

(3.21) \mt, Olli. + Wd'Ht, -nh + ll0l!y.(T) + ll0lli(T) 

< c{\mo,-)\\h + \\d'm-)\\h) 

+ C\\4>\\E,{TM\z,{T}{\\4>\\z,iT) + U\\Z,{T}) log(2 + T) 

< c(||90(o,.)|li. + !|aV(o,-)lli2) + i||0|li(T) 

+^^ll0llk(T)(ll0lll.(T) + ll0llL(T))(log(2 + r))' 

for < t <T. In order to get (3.19) from this estimate, we note that 

||a20(o,.)lU2 < c\\\/^c^{o,-)\\L- + c\\d4>{o,-)\\h 
< q|v20(o,.)|U^ + c|i9^(o,-)llffi 

by (3.18) and Sobolev's inequality. □ 

Proof of Lemma 3.3. The proof proceeds by induction. First, letting (j) := (j)o, 
(j) :~ 0, we apply Lemma 3.4 to the equation 

d^(j)o - A0O = 

and get 

(3.22) Uo\\e,(t) + ll'^o!ly,(T) + I|0oIU.(t) < C^iWVfoWm + !1.9olUO- 
Since we easily see from the definition (3.2) of fk, Qk that 

(3.23) IIVMIhi + WgkWm < W'^fWm + Mm = e 

for aU fc = 0, 1, 2, . . ., it follows from (3.22) and (3.23) with fc = that 
(3-24) ll^olUaCT) + ll0olli'2(T) + \\(I>q\\z2(T) < Cze. 

In order to define (t>i by (3.4)-(3.5), we need to verify that 00 satisfies ||0o|l£;,(T) ^ cq 
(see (3.17)). If we take ei small so that the inequality C^ei < cq may hold, (3.24) 
shows that it is true. Now we are in a position to apply a standard existence, 
uniqueness, and regularity theorem to (3.4)-(3.5) with k = I, and we sec that 
(j>i G C°°{St) n X2{T). Moreover, by virtue of Lemma 3.4, cpi enjoys the estimate 

(3.25) ||0i||£;2(T) + ||f/'i||y2(T) + \\(l)i\\z2iT) 

+C3\\ME2iT){Hi\\z2iT) + WMz^m) iog(2 + T), 

which immediately leads to 

(3-26) \\(f'i\\E2(T) + ||0i||y2(T) + Hi\\z2(T) 

< ^C3(e + e') + i||<^o||z2(T), 

provided that T is chosen so that the inequality C3||0o||_b2(T) fog(2 + T) < 1/4 may 
hold. Thanks to the boundedncss of ||0o||£;2(T) (see (3.24)), we can choose T in such 
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a way that the last inequaUty holds. Recalling that ||0o||z2(t) ^ilso has a sniiilar 
bound, we finally conclude that 

(3-27) ||0i||£;2(T) + ll0i||y2(T) + II</'i||z2(t) < Mie 

for e < £i, where Mi = 4C3. 

Before proceeding, we must take ei still smaller so that 

(3.28) MiEi < Co and C3Mi£ilog3<i 

8 

may hold. Setting Ai := l/(8C3Afi), we also take T still smaller so that T < 
exp(Ai/£), thereby the inequality 

(3.29) C3Mielog(2 + T) 

< C3Mielog(2 + e^i/-') 

< C3Afielog(3e'^i/^) 

= C3Afi£log3 + i < i 

may hold for e < ei. 

Now we suppose that wc have successively defined (po, 0i, . . . , 4>k-i & C°°(S't) n 
X2(T) by (3.4)-(3.5) satisfying 

(3-30) U^E^iT) + \\M\y,(t) + WMlz.iT) < Mie 

for Q! = 0, l,...,fc — 1. A repetition of the above argument is all that is needed to 
show that, according to (3.4)-(3.5), we can define (/)fe in C°°(S't) nX2(T) satisfying 
the estimate 

(3-31) ll0fe||£;2(T) + ll0fe||y2(T) + ll0fe||z2(T) < Mie. 

Lemma 3.3 is thus proved by induction. □ 

3.3. Convergence in Xi{T) n Yi{T). 

Lemma 3.5. Let e C°°(SV) n X2(T) (i = 1,2). Assume that they satisty 

df(l)^''> - A0(*) + h{4>^''>)A(j)^''> = F{d4>^''>) in St 
and ||0''*'||£;,,(T) ^ Cq for i ~ 1,2. Then we have 

(3.32) - <l>^'^\\E,iT) + - ^^^^WniT) + U^'^ - <l>^'^\\z,iT) 

< C4|!90«(o,-)-a0(''(o,-)llL^ 

+Ci{0'M\E.(T) + ||0^''lU2(r) + ||0(2'!|y2(T))(l + T)i/2 

Here, C4 is a positive constant depending on F, h, Cs, and C2. 
Proof. If we set 0* = 0^^^ — it satisfies 
a^,^* - A0* +/i(0(i))A0* 
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By (3.15), we have 

\\drit,-)\\h + \\rfY,iT) + \\r\\l,iT) 

< C\\dr{Q,-)\\l, 

+c||ri/4(F(9^(i)) _ + r)i/4 

+c'(||M<^('^)lk,-.+ lk^/'(r)^/'aM0('^)lk,^JIiril?-,(T)(i + ?^)'/'- 

Here ^ denotes LP(St)- By Lemma 3.1, we easily sec that 

|F(90(i))-^^(a0(2))| 

< Cr-V2(,)-l/2(||^(l)||^^^^^ + ||^(2)||^^^^^)|a^(l)_a^(2)|^ 

|M0('))-M0^'^)l<Cr-V2||^(2)_^(i)||^^^^^^ 
\\H^^'^)\\l^^ + ||ri/2(,.)i/2a/,(0(i))||^^^^ < c||0(i)|| £;2(T)- 

Note that the assumption ||0'-'''||e2(t) ^ Cq is used here. Comparing the second 
estimate with the first one, we see that the factor r^^/^ appearing in the second 
estimate is weaker than the factor r~^/^(r)~^/^ appearing in the first one. It is 
due to the second estimate that we have to use (3.15) instead of (3.16). Combining 
these estimates and the Schwarz inequality, we obtain 

ii5</>*(t,-)iii^ + iirii?-,(T) + iiriil,(T) 

< C||50*(O,.)||i. 

+C(||0Wb2(T) + ll0('^IU.(T))ll01|y,(T)ll01ln(r)(l + r)i/2 
+C||0*|U,(r)||01|y,(T)ll0''1y.(T)(l + r)i/2 
+q|0Wb2(T)||ril?^,(T)(l + r)^/^ 

< q|a0*(o,.)|li2 + c(||0W|| 

X(l + T){\\4>*\\yAT) + + + ^ll'^*lln(T), 

where (p* = - 0(2), This gives (3.32). □ 

Lemma 3.6. Let {f,g) € Hf^di^^) x H^^^{R^). There exist posit ive constants 
£2, A2 so that the sequence {4)k\ defined in Lemma 3.3 converges to a function 
(f> e Xi{T) n Yi{T) if |1V/||hi + llgllffi = e < 62 and T < A2£-^. Ln addition, 
(^G L°°([0,T];i?2(]K3j)pc'Oa([o,T];iJi(M3))nr2(r). Here we denote by C°'^ the 
space of Lipschitz continuous functions. A2 and £2 depend on a, b and h. 

Proof. Let £ < £1 and T < exp(^i/£). Then {0^} is well-defined by Lemma 3.3. 
Moreover, we have 

Hk\\E2(T) + \\(l)k\\Y2{T) + \\M\Z2{T) < Mi£ 

and ||0/£||b2(t) < cq for fc = 0, 1, 2, Therefore, if 

(3.33) C4 • 2Mie(l -I- T)^/^ < 
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then it follows from Lemma 3.5 that 



Hk - (t)k-l\\Ei(T) + \\(f>k - (f>k-l\\Yi{T) 

< ^C4\\dMO:-)~dcl,k^iiOr)\\L- 

+ \{\\4'k-l - <l>k~2\\Ei{T) + l|0fc-l - <Pk-2\\Yi(T)) , 



3 

which, together with (3.3), implies 



^{Hk - 0fc-l|Ui(T) + \\(t>k - (l)k-l\\Yi(T)) < OO- 



k=l 



Hence, {(j)k} tmns out to be a Cauchy sequence in Xi(T) n YiiT) as long as T < 
^22"^ and e < £2, where A2 and £2 are chosen so that 



(3.34) £2<£i, 2V2C,A'he2<\, = 2 ■ SHJlMf 



Now it remains to prove that its limit belongs to L°°([0, T]; H^{R^))r]C°''^{[0, T]; H^R^))!! 
Y2{T). Since {9Q(/)fc(t, •)} is bounded in iJ^(R^) and {da4>k{t, ■)} converges to 
da(l){t, •) in I/^(M'^), we see that {da(j)k{t, •)} has a unique limit point da4>{t, ■) with 
respect to the weak topology of iJ^(R^). Therefore, 

(3.35) \\d(b{t, OIUmr^) ^ liminf ■)\\HHm < Mis 

k—^oo 

forO < i < T < A2£-^ which shows that </) e L°°i[0,T]; H^{m.^))nC^'\[0,T]; 
By similar arguments, we conclude that € Y2{T) and 

ll0l|y2(T) + \\<P\\z2{T) < liminf(||</'fc||y2(T) + \\(f>k\\z2{T)) < Mi£. 

k — ^00 

This completes the proof of Lemma 3.6. □ 



Remark 3.7. Remark that (3.35) holds for all t e [0,r], not to mention almost 
everywhere. To be precise, 

||9(/.(t,-)||Hi(R3) + ||0||y,(T) + ||0b.(T) <Mi£ foralHe [0,r]. 
Here Mi is the constant appearing in Lemma 3.3. 



4. Regularity 

4.1. Preliminaries. As a continuation of the previous section, we will show that 
the limit (/) of {4>k} satisfies the equation (1.1) in the strong sense. 

Lemma 4.1. Let {f,g) G -ffrad(^^) ^ ^l^di^^) '^"-^ e < £i- Assume that the 
sequence {4>k} defined in Lemma 3.3 converges to a Junction (j) in Xi{T) n YiiT) 
for some T < exp(Ai/£). Then cj) € X2{T). 

As before, we set e = ||V/||^fi + ||(7||//i. We have already proven in Lemma 3.6 that 
the assumptions in this lemma is satisfied for £ < £2 and T < A2£~^ ■ Note that 
the proof of Lemma 3.6 implies \\d4>{t, + I|0||y2(t) + ll'/'lUalT) < Mie for 

all t e [0, T] (see Remark 3.7). 

We have to show that dadp(t) £ C"([0, T]; ^^(rS)) f^j. a,l5 ^ 0,1,2,3. Let to G 
[0,T], and let {tn\ be an arbitrary sequence such that 

to+irie(0,r) for 71 = 1,2,3, .. . and lim i„ = 0. 
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We first aim at proving 

dada^tQ + tn, •) ^- dada(l>{to, •) in L^(R^) as rn- cx), 

for a = 1, 2, 3 and a = 0, 1, 2, 3. In what follows, we set 

'4>{t,x) = 0(to +t,x). 

By the assumption, {datpitn, ■)} is a bounded sequence in H-^{M.^). Moreover, 
{datpitn,-)} converges to dai'{0,-) in L^(R^). Hence, the sequence {dadatp{tn, ■)} 
converges weakly to dadaipiO, •)• To prove the strong convergence, we note the fol- 
lowing fact: for a weakly convergent sequence {wn} in a Hilbert space H, the strong 
convergence is equivalent to the estimate limsup„_^^ < IIwIIh • 

In an abuse of notation, we set 



dx 



for u e L2(M3)^ y ^ {vi,V2,V'i) G (L2(]R3))3^ gy (3.17)^ this norm is equivalent to 
the usual norm of (L^(R'^))^. So we aim at showing that 

(4.1) limSUp \\[dadt4>{tn, 9aV-0(i„, ^^^^(Ra) 

n— >-oo 

< |i[9a9*V(0,-),5aV^(0,-)]IU^(M3). 

Before showing (4.1), let us prove two lemmas needed later. 

Lemma 4.2. Let pk be the function defined by (3.1). Assume < a < 3, /3 G R, 
and < 7 < 1. Then we have 

(4.5) [ \ . <C\xr for\z\<l. 

Jo \x + 9zp 

Here, in (4.2)-(4.3), C is a constant independent ofk. 

Proof. We only prove (4.3) and (4.5), since the others follow from similar argu- 
ments. It is obvious that (4.3) holds for |a;| > 3, because 2|a::|/3 < |a; — j/| < 2\x\ 
when \y\ < 1. So we suppose |a;| < 3 in what follows. Since \x\/2 < \x — y\ < 3|x|/2 
for \y\ < \x\/2, we have 

^"'^y^ ■dy<C\x\-'^. 



'\y\<\x\/2 F - yr 

If \x\/2 < \y\ < 1/k, then we have |a; — j/| < 3/k and k < 2\x\~^. Hence, we get 



'\y\>\x\/2 F - y\ J\x-y\<3/k \x - y\' 

< Ck"<C\x\~". 

Thus we have proven (4.3). 
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We next prove (4.5) only for |a;| < 3, since otherwise the inequahty is obviously 
true. If we set Xz = x ■ z/\z\, then we see that 

(4.6) / \x + ez\-'>de 

i\x{^ + 2dx,\z\ + e^\z\^)-^/^dd 

'^^'\x^ + \x\^~xlr'^/^dX 



1 



where X ^ Xz + d\z\. Hence the case \xz\ < \x\/2 is easily handled, because we can 
use |A| + ^|a;|2 - xl > y/\x\^ - (|a;|/2)2 = V3\x\/2. So we assume \x\/2 < \xz \ < \x\ 



in what follows. Let us set 

i=\z\-' r^"" {\x\+^\x\^-xi) 



dX. 



• case 1: > 0. 

Wc simply estimate the integrand as (A + -^/jxp — 1^ < xj"' and get 

I < \z\-^ I x7''dX 



< \z\-\\x\/2)-' [ ^ dX^2^\x\- 

• case 2: Xz < < Xz + \z\. Note that \xz\ < \z\ in this case. 
We can write the integral I as I = Ii + 12, where 



Ii - 2\z\-' / A + \/|x|2-x2 



Xz + \z\ 



h = \z\-' / {X + ^\x\^-xl) dX. 



Since < 7 < 1 by assumption, we have 

"I 



Ii < 2|z|^i / A-'^dA 
Jo 

= 2(l-7)-i|z|-i|x,|i-'^<C|x|-^ 



We consider the estimate of I2 when \xz \ < |-z|/2, because I2 < otherwise. We can 
treat this term as in case 1: 

l2<kr' r^^^\xz\-'' dX<C\x\-'^. 

J\xz\ 

• case 3: Xz + \z\ < 0. Note that \z\ < \xz \ in this case. 
By using the substitution A = — /i, wc see 



J\xz\-\z\ ^ ^ 
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If \z\ < \xz\/2, then 1x^1 - |z| > |x^|/2. Thus, we get 

I<NrW {\x,\/2)-'d,,<C\x\-\ 



If \xz\/2 < \z\ < \xz\, then we estimate as 

I < \z\-' f^-^dfi < (1 - 7)-iz|-i|x,r-^ < C\x\-\ 



Therefore, we have checked that (4.5) holds for ah the cases. □ 

Lemma 4.3. Let be the sequence defined in Lemma 3.3. Let (j) be the function 

stated in Lemma 4.1. Then for any 77 S R^, 

\\r~^^^Tn{d(j)k - 90)11^2(5^) ^0 as k ^ 00. 

Here, T,-iu(t, x) = u{t, x + r/). 

Proof. Set B{ij) = {x ; a; G M^ |a; - r;| < 1} and S(r;)'= = Then we 

can write 

\\r-'/\{dcj^,-dmUs.) 

= !|(T_„r-i/-*)(a?ifc - a(/))||i2((o,T)xB(„)) 
+ ||(r_^r~i/'')(90fe - 9?!')||i2((o,T)xB(^)<^)- 

It is easy to see that linife^oo \\{T^r,r~'^^*)(d<l>k - f^0)lli2((o,T)xB(>,)-) ^ 0, because 
||(T_^r-i/'*)(c'(/)fc-90)|1^2((o,T)xB(,,)-) ^ T\\(j)k-(j)\\%^(^j.y To handle the other term, 
we use Lemma 3.1 and get 

\dMt,x)-dcP{t,x)\ < C\x\-'^'iUk\\E,iT) + \mE,iT)) 

< C\x\-'^\ 

This gives 

\\{T-,^r-^^^){d(l)k - 90)||i2((o,T)xB(„)) 
< c[ [ \x-ij\-'^/^\x\-^^^\d(t)k{t,x)-d<l>{t,x)\dxdt, 

Jq J\x-7j\<1 

and hence limfc^tx) \\iT-rir~^^'^){d4)k - d4>)\\'l2(^^QT)xB{rj)) = by the Schwarz in- 
equality. □ 

4.2. Proof of Lemma 4.1. We set 

Mt,x) ^ (j)kito + t,x) iorto + te (0,T), fc = 0,l,2,... 
Then ipk satisfies 

(4.7) dfiA„^k) - (1 - /i(V^fe-i))A(A^Vfe) 

= A^F(aVfc-i) - A.^h{i'k-i)AT^^k 
for 77 e R3, fc = 0, 1, 2, . . ., where 

Tjju{t,x) = u{t,x + ri), Aj, = T,, - 1. 
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Integrating (4.7)x9tA^?/'fc as usual, we have 

^(atA^Vfc)' + ^(1 - /i(VA-i))|VA,Vfe|'] it,x)dx 



dtA^i}k{\F{di;k-i) - A^/i(Vfe_i)Ar^V.fc) 



'0 

1 



dxds. 



Note that 



< qiv-fcli, •) - •)llL^.'llvVfc(t, •) - vv(i, OIlL^' 

by the Gaghardo-Nirenberg inequahty. Hence, passing to the hmit, we immediately 
see that 

(4.8) / \\{dtA,,i^f + \{l-h{i^))\VA^^\A{t,x)dx 

< |l[atA^^<0,-),VA„V'(0,-)]|li2(K3) +Climsup(Ifc +IIfe +IIIfc), 



where we set 



(4.9) 



Ifc - 
life = 
Illfc = 



It JV? 



It J«? 



|i9tA^Vfe||3A^Vfe-i|(k»?c'V'fc-i| + \dii^k-i\) dxds, 

\dtAjjlJjk\\Ar,i>k-l\\ATr,1pk\dxds, 



|9Vfe-i||<9^»)'0feP dxds 



and 
(4.10) 



(0,t) ift>0, 
{t,0) ifi<0. 



Let us consider Ilfc first. By Lemma 3.1 and the Schwarz inequality, we have 



life = 



|9tA„^'0fe||A_,,-0fe_i||AV'fc| dxds 



\dtA^r,4'k\\A4,k\ 



'It 



nl/2 



dxds 



< C||A_,,'(/;fc-i|iL~(7t;ffi) 

< C||A_,,Vfc_i||L^(/^.Hi)||?'"^/''A_,,9tl/'fe|lL2(/txR3) 

x||r"^/*A?/)fe||i2(j^xR3). 
Hence, noting Lemma 4.3 and Lemma 3.3, we get 
(4.11) limsupllfc < C||A_^7/'||ioo(j^.j^i)|lr~^/^A_,,at?/'||i2(j^>,K3)- 

k—yoo 

As for IIIa;, we estimate it as 

Illfe < C||9V'fe-l||L'-(/.;HMll'^~'^'^^')V'fe|li.(/,xK3) 
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by Lemma 3.1. Noting Lemma 4.3 and Lemma 3.3 again, we see 

(4.12) limsuplllfe < C|lr-i/4A„aV|li2(,^,<K3). 

A;— >oo 

Similarly, 

(4.13) limsuplfc 

A;— >oo 

< C|lr-V4A^9Vlli.(/,xK3) + C||r-i/4A_,9Vlli.(z,xE3). 
As a consequence of (4.8) and (4.11)-(4.13), we obtain 

(4.14) / \hdtA,^jf + l{l-hii'))\VA,^p\^]{t,x)dx 

< |l[ftA,V'(0,-),VA,^(0,.)]||i.(M3) 

+C||A_,,V||L~(/t;_f/i)lk"^^'*A_,,9tV'|lL = (/txR3) 

+C||r-i/4A,9^||i.(,^,j,3) + C||r-V4A_„a^|l 

i2(7tXR3)- 

Now we set rj = 5ej, where Cj is the unit coordinate vector in the Xj direction. 
Then it is well known that 

(4.15) / l-{dtAseM^^^)fdx<S^f l-{dtdMO^^)fdx, 

(4.16) \\A.SeML-iU-M^) < \6m^Ph^^j^,H^y 

In order to estimate J^^ i(l — h{tp{0,x)))\\7Aseji'iO,x)\'^dx, we note that 

WdaAseM^, •) - Sdadjij{Q, ■)\\ = o{S), 

where o{6)/6 — > as (5 — > 0. Therefore, in view of 

= (aaA5e,^(0,a;) - ddad,4'iO,x))d^AseMO,x) 
+6dadj^iO,x){d''AseM^^^) - Sd^'djijiO^x)), 

we see that 

(4.17) / l{l~h{ijiO,x)))\VAs,^^P{0,x)\^dx 
JK3 z 

^ f l{l~h{ij{0,x)))\VdMQ,x)fdx + o{S^), 

JB3 z 

where o{5'^)/S'^ — > as 5 — > 0. Hence from (4.14)-(4.17), we have 

(4.18) / \hdtAse,ijf + l{l-hii'))\S/Ase,i^\']{t,x)dx 
Jm^iz z J 

+ C\6\\\dji:\\L^(^I^.H^}\\r^^^'^A.Se,dt1p\\L^ItxM^) 

+C\\r-'/*Ase,ym.^j^^^s^ 
+C\\r-'/^A^Se,V^h^j,^t^.^+oi6'). 

It remains to estimate ||r~^/^A5e^.9a^/'||i2(/jxM3) (« = 0,1,2,3). We first notice 
that 

(4.19) \\r-'^/^Ase^da^\\L2(i^^m.3) = hm |lr-^/'*p, * A5e,9a'0llL2(7,xR3)- 
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In fact, we can apply a similar argument as Lemma 4.3 to the estimate of || r~^/^ (p; * 
A^ej dai^ — Asej daif) II i2(/^ ^rs) by dividing the domain of integration as R'^ = {r < 
1} U {r > 1}. Since pi * A^e^ i9a?/'(s, x) is smooth with respect to x, we have 



\pi * Ase,do.%bis,x)\' < 5' / \pi * d,dc.iis,x + 65ej)Yd6, 

Jo 

hence we get 

< 6^ [ f r-^/^\pi*djdc,^{s,x + edej)\^dxd9. 
Jo Jr3 

Furthermore, the Schwarz inequality gives 



\pi * djdaip{s,x + 9Sej)\'^ < / pi{x + 9Sej - y)\djda'4'is,y)f dy. 
Thus wc obtain 

(4.20) ||r-i/Vz*A5e,9aV(5,-)l!i=(E3) 

< ai{y,S)\djdai^{s,y)\^ dy, 



where 

aiiy,S)= I I \x\'^/^pi{x + e5ej-y)dxde i\S\<l). 



By (4.3) and (4.5), we have 

»i 



(4.21) aiiy, 6) < C \e5e, - yt^'^dO < C\y\~'/^. 



Consequently, as a result of (4.19)-(4.21), we obtain 
(4.22) ||r-l/4A5e,9aV'||L^(/,xR3) < C\S\\\r-'^^d,da.ijU2^j,^u^y 

Therefore, by (4.18) and (4.22), we arrive at 

^{dtAse.i')' + ^(1 - h{^|J))\\/Ase,^\'] {t,x)dx 

< s'\\[dtdMo,-),^dMo,-)]\\ i2(M3) 

+C5'^\\djij\\Lo.(^i^.Hi)\\r~^^'^djdttp\\L^hxR^) 

which further yields 

(4.23/ lUdtd.i:)^ + ^(1 - hW)\\/djyj\'] {t,x)dx 

< ||[ata,v(o,-),v9,7^(o,-)]|i 

for ta + te (o,r). 
Finally, noting 

\h{i;{0,x))-h{i;{t,x))\ 

< c\\m ■) - at, ■)\\%'m(Q, o - mt, 
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(4.23) leads to (4.1). Thus we have proven 

(4.24) dada(t)eC"{[0,T];L^{R^)) for a = 1, 2, 3, a = 0, 1, 2, 3. 

To show that af(/)e C°{[0,T]; L'^{R^)), weusethe ecination {3A). Lctv e C^((0,T)x 
M.^). Since the sequence {</>fc} converges to (j> in Xi{T) D Yi{T), it is easy to verify 
that the hmit of the equation 

-/ / {dt(l)kdtv-\7(t)k-yv + \/(l}k-'^ih{(l)k-i)v))dxdt 

Jo JK3 

= / / F{d(pk-i)vdxdt 

Jo 

as fc — >■ oo gives 

-/ / {dt(l)dtv-\7<f)-\/v + \/(f)-\/{h{(f>)v))dxdt 
Jo Jm^ 

= I I F{d<j))vdxdt. 
Jo Jm^ 

Therefore, we obtain df(f) = - h{4))A(f> + F{d(p) in (0, T) x M^. Since H'^{M.^) C 
i°°(M3) and ifi(R3) c L^{M.^), this imphcs dff/) e C"{[0,T]- L^{«.^)). □ 

5. Almost Global Existence 

In this section we complete the proof of Theorem 1.1. So far, we have proven 
that there exists a strong solution for the initial value problem (1.1), (1.2) for 
T < ^26"^, where e = |iV/|j//i + and e < £2. It remains to show that the 

solution actually extends to the time t < exp(Ai£~^). 

Let us define a sequence {"0^^} by (3.4), (3.5), where we now set fk, gk as 

fk = P2I' * 0(^1, •), 9k = P2^^ * dt^Ti, ■) 

for Ti = A2£^^ Note that || V0(Ti, •)||hi + i|9t0(Ti, OHhi < MiS (see Remark 
3.7). Suppose that e is small so that Mie < £2. If we choose T smaller so that 
T < ^2(-^^ie)~^, then we see by Lemma 3.3 and Lemma 3.6 that HV'fc'^ I|£;2(T) + 
\\'>Pk'\\Y2iT) + \\'4'k'\\z2(T) < M^e, and {■0^'} converges to a function ip'^^ in Xi{T)r\ 
Y,iT). Inaddition,V^i eX2(T)nr2(r)and||0^MU2(T) + II^^M|y2(T) + II^^MIz2(T) < 
MiE. Wc consider another sequence {(1)1'} on [0,T] X M3, defined by 0fc'(t,x) = 
4>kit + Ti,x). Then it follows from Lemma 3.5 that 

Hl'-<t>l'\\E,iT) + Ul'~^l'\\Y,iT) 

We take A3 and £0 so that 

Mi£o < £2, C4(2A/i£o + A/f£o) • 2^/2 < 

A3<A2M-, ^3 ^2^2^(2 + M,)^ - 
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Then for T2 = AsEq ^ and e < Eq, we have 

C4(2Afie + M^e){l + T2Y'^ < ^, 

and thus 

\\^l'-€\\EAT.) + Ul'-<l>l'\\niT.) 

< ^C4d^p'^^io,-)-d4>l'{o,-)\\L^ 

Hence we have Wip"^^ ~ IUi(T2) + llV'fe^ ~ '^1^1 YiCTa) ^ as fc 00, which imphes 
— >■ V^-^i in Xi(T2) n Yx^T'i). Therefore, we have shown that there exists an 
extension of </> e Xi (Ti ) n Fi (Ti ) such that ^ </> in Xi (Ti + T2 ) n Yi (Ti + T2 ) , and 
it turns out that ||?i'|U2(Ti+T2) + ll0l|y2(Ti+T2) + I10IIz2(Ti+T2) < ^i^- Repeating this 
argument, we can extend the solution as long as T < exp(Ai£~^). This completes 
the proof of Theorem 1.1. 

6. Continuous dependence on the data 

6.1. Preliminaries. We have proven the almost global existence of a strong so- 
lution to the initial value problem (1.1), (1.2). In this section, we further discuss 
the question whether the solution depends continuously on the data (Theorem 1.2). 
In order to prove Theorem 1.2, we should weaken the regularity assumptions of 
Lemma 3.2 so as to apply the estimates (3.15)-(3.16) to low-regularity solutions. 

Lemma 6.1. Lei £ C^(iS'T)nXi (T) he a solution of {3.12) satisfying \\4>\\c^(s^) ^ 
00 with initial data {f,g) € (R^) x L'^ {R^) . Assume (3.13), (3.14) andhG Xi{T). 
Then the assertions (i), (ii) in Lemma 3.2 remain valid. 



Proof. We set 

(6.1) hk{t,-)=pk*h{t,-) for fc = 1,2,3,..., 

which is the convolution of pk and h{t, •) as functions on M"^. Recalling the definition 
of Pk, we see that h^ S C^{St) and ||/ifc||ci(5:j:) < 00. Since <j> satisfies the equation 

(6.2) d^(j3 -A(j} + hk{t, x)A(l) ^F + {hk- h)A(j), 
we have, applying the inequality preceding Lemma 3.2, 

\\dHt,-WLHR^) + U\\Y,iT) + U\\l^iT) 

< c{\\vHo,-)\\i. + \\dtm-)\\h) 
.c£jJom^k-h)A,i,^Mh^y^,, 

+C{\\hk\\L^^ + \\r'/'~{ry/^dhk\\L^J 
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for < t < T. Here ^ stands for L'p{St)- Using Lemma 4.2, we have 
(6.3) \dhkit,x)\ < f pk{v)\dh{t,x-y)\dy 

< V/^{rY''dhU^I P'}f^ dy 

\x - yl^'^x - yyi^ 

and hence 

Whkh^^ + \\r^/'-{ry^'dh,U^^ < C{\\hU.^^ + ||ri/2(r)i/2a/i|U^^J. 
Therefore, noting 

< C\\A^L?:M\d^\\Ll^ + U/r\\LlJ\\hk - h\\^.^^ 
and passing to the hmit, we obtain the desired estimate. □ 

Lemma 6.2. Let (f> e Xi{T) D Yi{T) be a weak solution of (3.12) with initial 
data {f,g) G H^{M.^) x L'^{m.^). Assume (3.13), (3.14) and h G Xi{T). Then the 
assertions (i), (ii) in Lemma 3.2 remain valid. 

Here the constant C2 appearing in (3.15)-(3.16) should be replaced by a larger 
one, which is written as C2 again. We say that g Xi(T)n Yi(r) is a weak solution 
of (3.12) if 



^(i, x) for < i < T, 
otherwise. 



(6.4) -/ / {dt(l)dt^p-d^(l3djTp + d^4>dj{hi;))dxdt^ I / F^jjdxdt 

Jo Jk^ 

holds for all i' £ C(f (S't). 

Proof. Let cj) be the zero-extension of (j), i.e. 

(6.5) ^{t,x)-- 
We also extend h, F to h, F similarly. We set 

Pk{t,x) = p[^'> pk{x) for {t,x) e R X 

where p^k\t) is a 1-dimensional counterpart of (3.1). We define 

4>k{t,x) = pk*4>{t,x), 

where u*v denotes the convolution of functions u, w on M x M'^. Here we take k large 
enough, so that 1/k < T/4. 
We first show that 

(6.6) df^k- A^k + h{t,x)A^k 

= pk*F + hA4)k ~ pk*(hdj(f)) + pk*{d^ hdjcj)) 

for < t < T — 2/k. Here, dj(j) and d^h denote the zero-extensions of djcfi and 
d^h, respectively. To verify this, we compute {df(f>k — A(f>k,ip) for V' € C(j"(R x ] 
assuming supp^i/; C (0,T — 2/k) x M.^. Note that if we define a product S by 

u{s — t,y ~ x)v{s, y)dyds, 
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then supp pk*ip C (0,r) x M.^. Therefore, we easily see that 



Hence, by (6.4), we get 



F ■ pkii/jdxdt + / / (j) dj {h ■ pk*i^)dxdt 



'0 

= {pk*F + pk*{d^(j>djh) - djpk*(hd^(j)),i^). 

This gives (6.6). 
We next show that 

(6.7) II ri/4(r) [/iA^fc - PkHhd~^)]\\L^-ao,T-2/k)xR^) 

+ ||ri/4(r)i/4pfc5(9j71 9^0)11 

<C||ri/2(,)i/2a/j||^^(^^)||,.-i/4(,)-i/4v0||^,(^^) 

for fc = l,2,3,.... For this purpose, set Uj = djcf) and 

Ifc = / / pkit - s,x - y){h{t,x) - h{s,y))uj{s,y)dyds, 
Jo JR3 

Ilfc = / / Pk{t- s,x-y)d^h{s,y)uj{s,y)dyds. 



10 JR3 

In what follows, we will prove 

<q|ri/2(r)i/2a/i|U^(5,)||r-i/4(^)-i/4v^||^.(5^), 

where we set St, = (0, T - 2/fc) x 

We first consider the estimate on 11^. Since 



III*. 



T 



pi'^ [t-s + -]pk^id^his,-)u,is,-))ds 



1 



< 



by the Schwarz inequality, we have 

|2 



< / / \x\'/^xy/^\pk*{d'Hs,-)uj{s,-))\dxds 



Jo Jr^ 
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To estimate the last integral, let us set 



Pfc(a;- y)|V0(s,2/)| \ 

-ay axas, 



\y\<i/k W/Hy)'/' 



11^^^ = / / 



/O JR-' 



Pfc(x-;/)|V(/)(g,;/)| y 
Since |x| < 2/fc if Ix - j/| < 1/fc and |?;| < 1/fc, it follows 

^|y|<l/fc 
^|y|<l/fe \V\ ' 

Therefore, by the Schwarz inequality, we obtain 

Jo Jr^ \Av\<i/k \y\ ' J 

x||r-i/4(r)-i/4V0(s,-)|li2dxds 
Meanwhile, since \x\ < 2\y\ if \x — y\ < 1/k and \y\ > 1/fc, we have 

Thus we conclude that 

\\r^l^{r)^lHlk\\L--i^ST^) 

We next turn ourself to the estimate of Ik- Suppose |i — s| < 1/fc, |a; — J/| < 1/fc 
and set z ^ y — x. Using Lemma 4.2, we get 

\h{t,x) - h{s,y)\ 

< \{t-s,x-y)\ [ \dh{t + 9{s-t),x + 9{y^x))\d9 
Jo 



< 



Ck-^r'/^ry/^dh\U.^^Sr)[x\-'^'{x)-'/' 
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for < t < T — 2/fc. Strictly speaking, here we should first approximate h as (6.1), 
and then use (6.3). This justification is easy, so we omit it. 
It follows from the above estimate that 

\h\ < C\\r'/'{ry/'dhU^^s^^\x\-'/'{x)-'/' 

X / / k'''^\d' pk{t - s,x - y)\\uj{s,y)\dyds. 



Since J^^^ k ^\d^ pkit — s, x — j/)| dyds < C, we proceed as 



k ^\d^ pk{t - s,x - y)\\uj{s,y)\'^ dyd. 

Jo JR3 

for < t < T - 2/fc. This gives 

'■^ r r k-^\Wpkix-y)\\u,{s,y)\^ 



s 



Jr^U |x| 1/2(^)1/2 



dydxds. 



Since we are able to show 



R3 |a;|i/2(a;)i/2 
in the same way as in the proof of Lemma 4.2, we arrive at 

This completes the proof of (6.7). 

Now we are in a position to apply Lemma 6.1 to (6.6). We can see that 
ll0fcllc2(ST) < by the Schwarz inequality. Let us prove below that (3.16) holds 
in the present setting if r^^'^{r)^^'^F G L'^{St)- The inequality (3.15) can be proven 
similarly. Wc set 

Fk = Pk*F + JiA^k - d'pkHhd~^) + pk*{Whd~^) 

(the right-hand side of (6.6)) and estimate ||ri/**(r)i/**Ffc||^2(5y^). By using (6.7), 
we get 

(6.8) y/'{ry/'Fkh.^s.j < \\r'/Hry/'pk~^F\\^.^SrJ 

Furthermore, we see that 

\\r'/\ry/'pk-^FU.^S^^^ < C\\r'/^ry/*Fh.^s.y 
In fact, if we set G{t,x) = r^/'^{ry/'^F{t, x), we have 

'■ Pk{t- s,x -y)G{s,y) 



\pk^Fit,x)\' = 



-dyds 



|y|l/4(y)l/4 

< Cr-^'^r)-^/^ ( f pk{t-s,x-y)\G{s,y)\^dyds 
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by the Schwarz inequahty and Lemma 4.2, which immediately yields 

rT-2/k r'^ r 
< C / / / Pk{t- s,x-y)\Gis,y)\^dydsdxdt 



'Q Jr^ Jo 
as desired. Thus (6.8) gives 

(6.9) \\r'/'{ry/'F,U.^s^j < C||rV4(,)i/4f jj^.^^^^ 
Therefore, by Lemma 6.1, we have 

(6.10) \\dMt,-)\\hiMS) + m\ Yi{T-2/k) + \\(f'k\\zi(T-2/k) 

< c{\\vMo,-)\\h + \\dtMo,-)\\h) 

+C{\og{2 + T))'^'Uk\\z^iT-2/k) 

X (||rV4(,)i/4^||^,(^^) 

+ ||rV2(^)i/2a;,||^^^^^j|j,-i/4^,)-i/4v^||^^^^^^) 

+Clog{2 + T)Uk\\l,iT-2/k) 

x(||/iiUo=(5,) + ||ri/2(r)i/2a/i|Uoc(5^)) 

for < i < T - 2/fc. 

To estimate \\(t>k\\zi{T~2/k) appearing on the right-hand side of (6.10), we note 
that, by the Schwarz inequality and Lemma 4.2, 

(•T-2/ki- 

\x\-^'^{x)-^'^ 



JR^ 

2 



X 



T 

Pk{t - s, X - y)d(j){s, y) dyds 



dxdt 



< / / |xri/2(a;)-i/2 / p^{x-y)\dcj){s,y)\^dydxds 

Jo JR3 JS.3 

Similarly, we also have 
Hence, (6.10) leads to 

(6.11) ||90fc(i, ■)lli2(R3) + \\(i>k\\Y,{T-2/k) + Uk\\l,(T-2/k) 

< c{\\vMo,-)\\h + \\dtMo,-)\\h) 

+Clog(2-fT)||0|||^(^) (I|/^IIl.^(5.) 
Finally, the inequality above passes to the limit as follows. 
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• j_irn ||a„0fe(t, ■)\\mR^) = WdaHt, -MlmR^) for o < t < r. 

We may assume < t < T — 2/k. Then we have 

da(j)k{t,x) = [ [ pk{t- s,x-y)da4>{s,y)dyds, 

and hence 







\da(f>k{t, •) - da(l){t, 

< Pk{t- s,y)\\da<j)is,- ~ y) - da(t>{t,-)\\L^dyds 



Jm^ 

T 



< I pi}\t~s + l/k)\\dc.^{s,-)-dc.cj){t,-)U2ds 
Pk{y)\\da(t>{t, • - y) - da(t>{t, ■)\\L^dy. 



Thus we have hmfc_j.oo da't'kit, ■) — da(j}{t, ■) in 

• WHv^iT) < l™inf ll0fc||yi(T-2/fc)> UWz^iT) < l™inf ll0fcllll(T-2/fc)• 
By definition, 

r~^'^\4)k\'^dxdt+ / / r-^l^\d4)k\'^dxdt 



r-^''^\pk*(li?dxdt+ I I r-^/^\pk*Mfdxdt. 



Hence we have H^Hy^^j-) < hminf/^^oo ll'T^fell Yi(T-2/fc) Fatou's lemma. Similarly, 
< liminffe^oo \\4>k\\l,{T~2/k}- O 
6.2. Continuous Dependence on the Data. 

Lemma 6.3. Let (/) e X2{T) r]Y2{T) be a solution of {1. 1), (1.2). // |1 V/||hi(k3) + 
j|.9||ffi(R3) ~ £ 5: £i o,'>^d T < cxp(^i/£), then we have 

(6.12) MlE.iT) + Mr^iT) + Mz,{T) < Mie. 

Here, ei, Ai and Mi are the same constants as those in Lemma 3.3. 

Proof. Let T < T be the largest number such that (6.12) holds. It is obvious 
that r > 0. Since it is now evident from Lemma 6.2 that Lemma 3.4 holds for 

0, ^ G X2{T), we get 

(6-13) \\HE^(f) + ll<^llF2(f) + M\z2{f) 

< C^ie + e^) + 2C3Mie||0|U^(t) log(2 + f) 

by considering (3.18) in Sf and letting := in (3.19). Assume T < T. Since 
T < exp(^i/e), it follows from (6.13) and (3.29) that 

U\\E2it) + MW^if) + U\\z2(t) < l^^i^ + ^U\\z2if)- 

This gives |l</>|l£,(f) + ll^lly^cf) + ll'/'llz,(f) < Mie, which contradicts the definition 
of f. Thus f = T. □ 
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Lemma 6.4. Le< , (/)2 G (T) n ^2 (r) be solutions of {1.1), (1.2). //||V/l|ffi + 
= e < £2 and T < exp(Ai/e), we have 4>i = 02- 

Proof. It is obvious from Lemma 6.2 that wc can apply Lemma 3.5 to (j)i,(f>2- By 
Lemma 3.5 and Lemma 6.3, we have 

ll"?^! - (f>2\\Ei(l) + 1101 - 02||yi(l) 

< C4 • 2Mie • V2 • (1101 - 02|U,(i) + 1101 - 02|ln(i)). 

Hence, noting (3.34), we have 0i ~ 02 for £ < £2 and < ^ < 1- Applying the 
same estimate to 0i(t + l,x) and 02(^ + l,a;), we see that 0i = 02 for 1 < t < 2. 
Repeating this procedure, we conclude that 0i = 02 as long as t < exp(Ai/£). □ 

Proof of Theorem 1.2. It is evident from Theorem 1.1 and Lemma 6.4 that the 
map $ is well-defined. Let (/, 5), {f,g) G D{eo)- By Lemma 3.5 and Lemma 6.3, 
we have 

< C4|l(V/,g)-(V/,.g)|U2 
+2C4-MieQ-{l+ty/^ 

x(ll$(/,5) - + im^g) - HLMnit))- 

Thus for t < A2£o^ 

mf,9) - + \Mf^9) - $(/,3)lln(t) 

<2C4(|lV(/-/)|U2 + |l.g-.g|U.). 

If we choose large enough so that N ■ A2£(7^ > T^g, then we get 

mf,9) - $(/,.9)IU,(T.„) + ll$(/,.9) - $(/,3)lln(T.„) 
<(2C4)^ (llV(/-/)|U. + |l,g-,g|U.). 
This completes the proof of Theorem 1.2. □ 
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